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restrictions of the theory apply to the behavior of individuals but need not hold for per capita demand functions, time series data cannot be used to test or refute the theory itself.4 Nevertheless, demand theory is an important source of specifications for empirical demand analysis.
Most work on the specification of functional forms has focused on either "flexible functional forms" (e.g., the translog, the generalized Cobb-Douglas, and the generalized Leontief) or on special forms related to separability (e.g., direct separability, indirect separability, generalized separability, implicit separability). 5 Relatively little attention has been devoted to functional forms which are defined by specifying the way expenditure enters the demand equations. 6 It is well known that if a demand system generated by a well behaved utility function exhibits expenditure proportionality, (l a) h'(P, ,u) = B'(P),u (i = 1, ... ., n), then the demand functions must be of the form gi (P) 1 
b) hi(P, A) =g(P)
wiiere g(P) is a function homogeneous of degree one and gi denotes its partial derivative. We shall call a system of demand functions generated by a well behaved preference ordering "theoretically plausible."7 The demand functions (lb) are generated by the indirect utility function (3a) h '(P, Au) = B' (P),u + C' (P)?
W. M. Gorman [13] has shown that any theoretically plausible demand system linear in expenditure must be of the form gi (P) gi (P) g(P) g (P)
4That aggregate or per capita demand functions cannot necessarily be rationalized by a utility function even when each individual's demand behavior can be has long been recognized and discussed in terms of the non-existence of the "representative consumer." See Chipman [ [14] .
6Muellbauer [26] and Carlevaro [6] are interesting exceptions. 7A utility function is "well behaved" if it is increasing in its arguments and strictly quasi-concave. Under certain regularity conditions this is equivalent to the requirement that the demand functions imply a Slutsky matrix which is symmetric and negative semi-definite. See Hurwicz and Uzawa [19] for a precise statement. where f(P) and g(P) are functions homogeneous of degree one. Gorman showed that these demand functions are generated by an indirect utility function of the form (4a) t!(P, ) = y -f(P) g (P)
To facilitate later comparisons, we subject Gorman's indirect utility function (4a) to the increasing monotonic transformation T(z) = -z to obtain the equivalent indirect utility function xIf we require linearity to hold for all price-expenditure situations in which P and 1t are strictly positive, then we are back to expenditure proportionality: the budget constraint implies X; PkCk (p)=O and non-negativity of consumption near zero expenditure implies C'(P)aO. Hence, C'(P)=0 for all i. But we may still require linearity in a region of the price expenditure space ("local linearity"). 9 Pollak [30] obtained a closed form characterization of the subclass of (3) which is generated by additive direct utility functions, a subclass which includes the LES.
10 Houthakker [16, p. 5] conjectures in a footnote that quadratic Engel curves cannot be derived from any explicit utility function. But his principal reservation about polynomial forms is that they ignore "the essential non-negativity of consumption" and, that when non-negativity is allowed for, the resulting Engel curves have kinks where goods enter or leave the optimal consumption pattern. Houthakker's argument rules out demand systems whose Engel curves are quadratic for all priceexpenditure configurations, but they may be quadratic in a region of the price-expenditure space. If we confine ourselves to such a region, there is no objection in principle to demand systems "locally quadratic in expenditure." Diewert [10, pp. 129-130] gives an example of a theoretically plausible QES with zero intercepts. Muellbauer [26] obtains the indirect utility function corresponding to the class of theoretically plausible demand systems of the form h'(P, A) = A'(P) y(P, 1.) + B'(P)A, a class which includes the QES with zero intercepts. Carlevaro [6] whose relation to the transformed Gorman form (4b) is evident. Using Roy's identity, it is easy to verify that the indirect utility function (7) generates a QES of the form (6). The hard part is to show that every theoretically plausible QES is of the form (6). We shall prove that any QES which satisfies what Hurwicz [18, 19] calls the "mathematical integrability conditions" (i.e., the Slutsky symmetry conditions) is of the form (6).
We begin with a lemma summarizing the implications of the fact that any system of theoretically plausible demand functions satisfies the budget constraint and the Slutsky symmetry conditions. The demand functions (6) are generated by the indirect utility function We assume throughout that the demand functions are differentiable enough to support the calculus arguments we employ. Strictly speaking, we establish our results only for this subclass of theoretically plausible QES. The term in z3 is clearly symmetric, as are the second terms in z and Z2 The symmetry of each of the remaining terms follows directly from (9). This establishes the existence of the function f(P). To show that f(P) is homogeneous of degree one, we multiply (12b) by pi and sum over all goods to obtain E Pkfk = E pkC +f E pkB k +f2 E pA k.
Making use of (8), we find E Pkfk =f.
The converse of Euler's theorem implies that f is homogeneous of degree one.
We define the y's by (12a).
(ii) To show the existence of a function g(P) such that gi/g = 'Y, we define the function &i(P, z) by $'(P, z) = y1(P)z. Substituting for y' from (12a), we calculate The last two terms are clearly symmetric in i and j; the symmetry of the first two terms follows directly from (9). Hence, there exists a function g such that gi/g = y.iTo show that g(P) is homogeneous of degree one, we substitute gi/g for y' in (12a), multiply by pig, and sum over all goods to obtain P pkgk = g Z, PkB + 2fg Z PkA.
Making use of (8) we find E Pkgk = g.
The converse of Euler's theorem implies that g is homogeneous of degree one.
(iii) To show that there exists a function a (P) such that . 1 /gi Ai = 2 aR--) 9 9 we solve for ai and obtain Estimation of a QES requires that we specify the form of the homogeneous functions f(P), g(P), and a(P) which appear in (6). There are no universally accepted guidelines for selecting a particular specification, but two desiderata are likely to command general agreement. First, for certain parameter values, the QES specification should reduce to the LES, since this will permit testing of a frequently estimated demand system against a more general specification. Second, the QES specification should add a relatively small number of additional parameters to the 2n -1 parameters of the LES. The following two specifications satisfy both of these disiderata, each requiring only one additional parameter for each of the n goods, so that 3n -1 independent parameters must be estimated. The first specification, estimated by Pollak and Wales [34] , is a QES of the form (14) Pih i(P, A) =-pibi + ai (A -E Pkbk )
It is a special case of (6) 
a (P) = Z pkCkHereafter, we shall use the term QES to refer to this particular demand system rather than the entire class, (6).12,13 12 Pollak and Wales [34] use the term QES to refer to (14) rather than (16). 13 We have not established conditions on the functions f(P), g(P), and a (P) which guarantee that the implied preferences are well-behaved. But for both (14) and ( Except for very special cases, neither of these QES forms corresponds to preferences exhibiting direct additivity or even generalized separability (Pollak [30] ). It would be interesting to investigate the class of QES exhibiting these properties.
ESTIMATION FROM TIME SERIES DATA
In this section we present estimates of the LES and the QES based on per capita U.S. consumption data for 1929-1975, excluding the war years, 1942-1946.14 To estimate the LES and the QES, we must specify both the dynamic and the stochastic structure of these demand systems; we consider two dynamic and two stochastic specifications of each, so we estimate a total of eight demand models.
It is convenient to write the QES in "share" form (i.e., to divide ( . 15 We have also estimated the share form of the QES given by (14) for all models except the QES with habit formation, for which we encountered convergence problems. The results in terms of price elasticities, marginal budget shares, and regularity conditions for these models are very similar to those presented in this paper and, hence, are not reported here.
16The specification which we describe as "linear habit formation" is equally consistent with the linear model of "interdependent preferences" described in Pollak [32] . 17 Berndt and Savin [2] show that a single correlation coefficient p must be used for all goods when the covariance matrix of the u's is assumed to be singular and serial correlation takes this simple form (i.e., ui, related to ui,-,, but not to u1,_1).
Each of the eight demand models we estimate is a special case of the QES in share form, (18), with linear habit formation, (19), and first order serial correlation, (20) . The other seven models are obtained by setting certain parameters of the most general model equal to zero. To obtain maximum likelihood estimates of the parameters which are not constrained to equal zero in a particular model, we drop the share equation for any good (since the covariance matrix is singular) and maximize the concentrated likelihood function. 18 Our estimates are based on four broad consumption categories constructed from the national income and product accounts: "food," 'clothing,' "shelter,"' and "miscellaneous." We describe the construction of these categories in an appendix. We view demand theory as a model of the allocation of total expenditure on consumption among an exhaustive set of consumption categories. Since our basic theoretical framework is a one period allocation model, these categories should include the flow of consumption services provided by consumer durables, but not purchases of durables. In principle, our shelter category does reflect the theoretically appropriate flow of services concept. Our miscellaneous category is defined to exclude purchases of durables, and thus consists of services and various non-durable goods purchases. Expenditure, ,u, refers to the sum of current dollar expenditure on these four consumption categories.
In Table I we report the values of the logarithms of the likelihood functions (a common multiplicative factor is omitted from each) and the number of sample price-expenditure situations for which the regularity conditions of demand theory are satisfied in each of the eight models we have estimated. To check the regularity conditions, we evaluated whether the Slutsky matrix implied by our parameter 18 For models in which p is not constrained to zero we vary p from minus one to plus one by steps of .1 and maximize the likelihood function conditional on each such value of p. This provides a starting point (or points) for use in maximizing the unconditional likelihood.
estimates was negative semi-definite at each of the 40 price-expenditure situations corresponding to our data. 19 A number of interesting conclusions can be drawn from Table I . Since the likelihood ratio test shows that the first order serial correlation coefficient is significant at the 1 per cent level for both dynamic specifications of both the LES and the QES, we begin by focusing on the four models which allow first order serial correlation. 20 Perhaps the most interesting difference between the QES and LES estimates (see Table II ) involves the relationship between habit formation and serial correlation. For the QES, the O's are all close to zero and none is individually significant (although as noted above the O3's are jointly significant at the 10 per cent level); for the LES, the /'s are all much larger and individually significant. For the QES, p is close to unity and significant, while for the LES it is significantly negative. Thus, for the QES it appears that the dynamic and stochastic aspects of 19 The specification of the model guarantees that the calculated Slutsky matrix will be symmetric.
Our approach to regularity conditions is that used in Pollak and Wales [34] . Jorgenson and Lau [20] consider only whether regularity conditions are satisfied at a single price-expenditure situation, but thee test the significance of the ability of their estimated parameters to satisfy the regularity conditions. ?The 1 per cent Chi-square critical level is 6.6 for 1 degree of freedom. 21 For the LES, twice the change in the log likelihood is 19.8, and for the QES it is 8.2. The 10 per cent Chi-square critical level for 4 degrees of freedom is 7.8; the 1 per cent critical level is 13.3. 22 Twice the change in the log likelihood is 15.8. 23 Twice the change in the log likelihood is 4.2. 24 With constant tastes, twice the change in the log likelihood is 97.8; with linear habit formation it is .8. 25 It is interesting to note that Lluch and Williams [24] also find that the LES does much better at satisfying the regularity conditions when p is not constrained to zero. likelihood values are very small in both these cases, any strong conclusion about the relative importance of first order serial correlation and habit formation does not appear to be warranted. 29 In Table III we present estimates of the marginal budget shares and own price elasticities in selected years for the QES and LES models with linear habit formation and first order serial correlation. Estimates of the parameters of the demand equations from which these marginal budget shares and elasticities are calculated were given in Table II 
CONCLUSION
We have obtained a closed form characterization of the class of complete systems of theoretically plausible demand functions which are quadratic in expenditure, and presented estimates based on U.S. per capita time series data of a particular QES belonging to this class. The QES we have estimated includes the LES as a special case, and we have estimated both of these demand systems under two dynamic specifications (constant tastes and linear habit formation) and two stochastic specifications (disturbances independent over time and first order serial correlation).
The estimates we obtained for these eight closely related demand specifications are interesting but somewhat inconclusive. The likelihood ratio test indicates that first order serial correlation is significant in both the LES and the QES for both dynamic specifications; habit formation is significant in both the LES and the QES for both stochastic specifications (i.e., both with and without serial correlation). With serial correlation and linear habit formation, the estimated LES and QES imply strikingly different consumption responses to changes in prices and total expenditure, but the inclusion of quadratic terms is not significant even at the 25 per cent level when we allow for both serial correlation and linear habit formation. The lack of significance of the quadratic terms lends some empirical support to one of the least appealing features of the LES, namely, the linearity of the income-consumption curves. In contrast, Pollak and Wales [34] find the quadratic terms highly significant in estimates of the QES based on U.K. household budget data.
We are somewhat skeptical about these results. For the QES, the serial correlation coefficient is close to unity (.95) and the habit formation coefficients are all close to zero, while for the LES, the serial correlation coefficient is significantly negative (-.30) and the habit formation parameters are highly significant. For both the QES and the LES, however, the likelihood functions have two local maxima, one at which the serial correlation coefficient is positive and close to .95 and another at which it is negative and close to -.3. Furthermore, the LES and the QES predict fairly similar responses to changes in prices and expenditure when these responses are calculated using parameter estimates corresponding to similar values of the serial correlation coefficient. Because the differences in the values of the likelihood functions at the two maxima are small, sharp distinctions among various hypotheses about serial correlation, habit formation, and the functional form of the demand system appear unwarranted. monotonic with but a few exceptions. Thus in the postwar period, and to a lesser extent in the prewar period, the variables tended to trend either up or down. This lends some support to the interpretation of high positive serial correlation as a model misspecification involving an omitted variable that is itself trending over time.
